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Abstract
We extend one component Gross-Pitaevskii equation to two component coupled case with the damping term, linear
and parabolic density profiles, then give the Lax pair and infinitely-many conservations laws of this coupled system.
The system is nonautonomous, that is, it admits a nonisospectral linear eigenvalue problem. In fact, the Darboux
transformation for this kind of inhomogeneous system which is essentially different from the isospectral case, we
reconstruct the Darboux transformation for this coupled Gross-Pitaevskii equation. Multi nonautonomous solitons,
one breather and the first-order rogue wave are also obtained by the Darboux transformation. When β > 0, the
amplitudes and velocities of solitons decay exponentially as t increases, otherwise, they increase exponentially as
t increases. Meanwhile, the real part Re(ξ j)’s ( j = 1, 2, 3, . . . ) of new spectral parameters determine the direction
of solitions’ propagation and α affects the localization of solitons. Choosing Re(ξ1) = Re(ξ2), the two-soliton
bound state is obtained. From nonzero background seed solutions, we construct one nonautonomous breather on
curved background and find that this breather has some deformations along the direction of t due to the exponential
decaying term. Besides, β determines the degree of this curved background, if we set β > 0, the amplitude of the
breather becomes small till being zero as t increases. Through taking appropriate limit about the breather, the first-
order rogue wave can be acquired. Finally, we give multi-component generalization of Gross-Pitaevskii equation
and its Lax pair with nonisospectral parameter, meanwhile, Darboux transformation about this multi-component
generalization is also constructed.
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1. Introduction
In recent years, analytic solutions of the nonlinear evolution equations, such as solitons [1–4], breathers [5–7]
and rogue waves [8–10] and so on, which have received a large of research activities in many realms. When the
effect of dispersion and nonlinearity is balanced in nonlinear waves during propagating, solitons will be formed.
These waves which keep their features (amplitudes, speeds and so on) unchanged, during they propagating and
after interacting with each other. In many cases, they are considered as the ideal solution models in physics [11].
As the particular solutions of nonlinear systems, breathers propagate steadily and localize in either time or space,
especially Akhmediev breather (AB) [12, 13] and Kuznetsov-Ma breather (KM) [14]. Another special type of
analytic solution are the rogue waves which localized in both space and time, and they have peak amplitudes
usually more than twice the background wave height [15, 16]. Besides, rogue waves appear from nowhere and
disappear without a trace, throughmathematical methods, they can be also written in terms of the rational functions
of coordinates.
In many documents, these above three types of analytical solutions have been discovered in the autonomous
systems, whose coefficients are all constants [17, 18]. However, for the practical situations, there are many models
with variable-coefficients, in other words, they conclude time or (both) space-dependent nonlinearity, dispersion
and external potentials. So, these systems are nonautonomous [19–21]. Properties of these analytic solutions in the
nonautonomous systems are greatly different from those in autonomous ones. For example, when these solitons
propagate, their amplitudes, speeds and widths are all changed [22, 23].
In the plasma, when both high frequency and low frequency waves that have the same group velocity are
excited, they can be nonlinearly coupled by density depletion and through the generation of high frequency side
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bands and low frequency second harmonic. So, in this case, the waves are suggested to be determined by the
coupled inhomogeneous Gross-Pitaevskii (G-P) equation [19, 24, 25], the system can be written as
iq1t + q1xx + 2µ
2(|q1|
2
+ |q2|
2)q1 + (iβ − αx + β
2x2)q1 = 0,
iq2t + q2xx + 2µ
2(|q1|
2
+ |q2|
2)q2 + (iβ − αx + β
2x2)q2 = 0,
(1)
where q1(x, t) and q2(x, t) are the complex envelops of two fields in the inhomogeneous plasma, µ, α, β are all real
numbers, µ is the nonlinearity parameter, αx stands for linear density profile and β2x2 corresponds to parabolic
density profile, meanwhile, iβ is the damping term. Setting µ = 1 and α = ǫ, Eq.(1) becomes the coupled
systme in [25], where the authors gave soliton solutions by Ba¨cklund transformation and its N-coupled damped
generalization.
In [19], one-component G-P is studied by Darboux transformation (DT) and its multi solitons, breather and
higher rogue waves are obtained, but, we verify its DT by Maple software and find that this kind of DT does not
admit the t-part of Lax pair. So, we reconstruct the DT of coupled G-P equation in this paper. In [26], the authors
verified that the Darboux transformation about a generalized inhomogeneous higher-order nonlinear Schro¨dinger
equation was incorrect in [27]. Because this inhomogeneous equation which also admitted a nonisospectral nonlin-
ear eigenvalue problem was mistaken for having a constant spectral parameter by the authors in [27]. Modified DT
about the same inhomogeneous higher-order nonlinear Schro¨dinger equation is reconstructed and some novel soli-
tons are also given in [26]. There have been many other articles about one- and multi-component nonautonomous
systems. The variable-coefficients coupled Hirota equation was studied in [28], then some new types rogue waves
were obtained by the authors, such as dark-bright, composite, three-sister, quadruple and sextuple rogue waves.
In [24], some bright solitons of the system in a nonlinear inhomogeneous fiber were obtained by Hirota bilin-
ear method through constructing double wronskian determinant[29]. Utilizing the same method, nonautonomous
matter waves were also constructed in a spin-1 Bose-Einstein condensate[30].
In this paper, we extend one-component G-P equation[19] to two-component case, and reconstruct the DT of
this coupled system with nonisospectral linear eigenvalue problem. Eq.(1) admits the AKNS (Ablowitz-Kaup-
Newell-Segur) hierarchy and Gu has constructed a unified approach [31] to construct Darboux transformation for
this isospectral AKNS, however, Eq.(1)’s spectral parameter is nonisospectral. So, we can not directly utilize
Gu’s method. Based on Gu’s method, Zhou [32, 33] generalized Gu’s formula to the nonisospectral cases. In the
following contents, based on Zhou’s method, we reconstruct Darboux transformation about this coupled system (1)
and its multi-component generalization [25]. The spectral parameter λ of Eq.(1) holds λ = α
4β
+ ξe−2βt with ξ being
an arbitrary constant, thus we can take it as a new spectral parameter [19], in order to make sure its integrability,
we present Eq.(1)’s infinitely-many conservation laws. Utilizing the Darboux transformation which is constructed
by us, the multi nonautonomous solitons, one breather and the first-order rogue wave are constructed. For multi
nonautonomous solitons, several free parameters play some important roles in soliton solutions structures, namely,
µ and the imaginary part of spectral parameters Im(ξ j)’s ( j = 1, 2, 3, . . . ) determine the amplitudes of solitons,
then, the real part of spectral parameters Re(ξ j)’s affect the direction of solitions’ propagation and α impacts the
localization of solitons. When choosing Re(ξ1) = Re(ξ2), the two-soliton bound state is obtained. Furthermore,
starting from nonzero background seed solutions, nonautonomous breather which based on curved background is
acquired, and we can find that this breather has some deformations along the direction of t due to the exponential
decaying term. For convenience, we set β > 0, the parameter β determines the degree of this curved background.
The amplitude of the breather decreases as t increases till being zero. Through taking appropriate limit in the
expressions of breather, we also get the first-order rogue wave based on curved background. Meanwhile, the multi-
component generalization of Gross-Pitaevskii equation and its Lax pair are all also given, then we construct its DT
based on the method which used in two-component case.
The paper is organized as follows. In section 2, the Lax pair and conservation laws of Eq.(1) are given. In
section 3, the Darboux transformation of Eq.(1) with nonisospectral Lax pair is constructed and multi solitons
are also obtained. In section 4, breather and rogue waves are revealed. In section 5, the Darboux transforma-
tion of multi-component generalization of Eq.(1) is discussed. The last section contains several conclusions and
discussions.
2. Integrability: Lax pair and conservation laws
Based on [19] and [25], the Lax pair of Eq.(1) can be written as follow :
Ψx = UΨ = (iλU0 + µU1)Ψ, (2)
Ψt = VΨ = (2iλ
2U0 + 2λ(−iβxU0 + µU1) + iV1)Ψ, (3)
2
Where
U0 =

−1 0 0
0 1 0
0 0 1
 , U1 =

0 Q1 Q2
−Q∗
1
0 0
−Q∗
2
0 0
 ,
V1 =

µ2(|Q1|
2
+ |Q2|
2) −
αx
2
µQ1x + 2iµβxQ1 µQ2x + 2iµβxQ2
µQ∗
1x
− 2µiβxQ∗
1
−µ2|Q1|
2
+
αx
2
−µ2Q2Q
∗
1
µQ∗
2x
− 2µiβxQ∗
2
−µ2Q1Q
∗
2
−µ2|Q2|
2
+
αx
2
 ,
with Q1(x, t) = q1(x, t)e
−
iβx2
2 , Q2(x, t) = q2(x, t)e
−
iβx2
2 and λ(t) = α
4β
+ ξe−2βt (ξ is an arbitrary complex constant).
Here, ∗ denotes the complex conjugate, and λ is dependent on time, so the Lax pair is nonisospectral case. The
column vector Ψ = (ψ1, ψ2, ψ3)
T is the eigenfunction with λ being the spectral parameter. Besides, the coupled
system Eq.(1) can be directly figured out by the compatibility condition Ut − Vx + [U,V] = 0.
In the following, we give the infinitely-many conservation laws of Eq.(1), which further indicates this system is
integrable[34–36]. For this purpose, we introduce these two functions Γ1(x, t) =
ψ2
ψ1
and Γ2(x, t) =
ψ3
ψ1
, according
to Eq. (2), the following two equalities can be derived, namely
Γ1x = −µQ
∗
1 + 2iλΓ1 − µQ1Γ
2
1 − µQ2Γ1Γ2, (4)
Γ2x = −µQ
∗
2 + 2iλΓ2 − µQ2Γ
2
2 − µQ1Γ1Γ2. (5)
Setting Q1Γ1 =
∑∞
n=1 Γ
(n)
1
λ−n and Q2Γ2 =
∑∞
n=1 Γ
(n)
2
λ−n, where Γ
(n)
1
’s and Γ
(n)
2
’s (n = 1, 2, 3, . . . ) are all functions
of x and t to be determined, and we substitute these two expansions into Eq.(4) and Eq.(5) respectively, then equate
the coefficients of the same power of λ, get
λ0 :Γ
(1)
1
= −
i
2
µQ1Q
∗
1, (6a)
λ−1 :Γ
(2)
1
= −
i
2
(Γ
(1)
1x
−
Q1x
Q1
Γ
(1)
1
) = −
1
4
µQ1Q
∗
1x, (6b)
λ−2 :Γ
(3)
1
= −
i
2
[−
Q1x
Q1
Γ
(2)
1
+ Γ
(2)
1x
+ µΓ
(1)
1
(Γ
(1)
1
+ Γ
(2)
2
)]
=
iµ
8
(Q1Q
∗
1xx + µ
2Q21Q
∗2
1 + µ
2Q1Q2Q
∗
1Q
∗
2), (6c)
λ−k :Γ
(k+1)
1
= −
i
2
[−
Q1x
Q1
Γ1(k) + Γ
(k)
1x
+ µ
k−1∑
j=1
Γ
( j)
1
(Γ
(k− j)
1
+ Γ
(k− j)
2
)] (k = 3, 4, 5, . . . ), (6d)
and
λ0 :Γ
(1)
2
= −
i
2
µQ2Q
∗
2, (7a)
λ−1 :Γ
(2)
2
= −
i
2
(Γ
(1)
2x
−
Q2x
Q2
Γ
(1)
2
) = −
1
4
µQ2Q
∗
2x, (7b)
λ−2 :Γ
(3)
2
=
iµ
8
[−
Q2x
Q2
Γ
(2)
2
+ Γ
(2)
2x
+ µΓ
(1)
2
(Γ
(1)
1
+ Γ
(1)
2
)]
=
iµ
8
(Q2Q
∗
2xx + µ
2Q22Q
∗2
2 + µ
2Q1Q2Q
∗
1Q
∗
2), (7c)
λ−k :Γ
(k+1)
2
= −
i
2
[−
Q2x
Q2
Γ
(k)
2
+ Γ
(k)
2x
+ µ
k−1∑
j=1
Γ
( j)
2
(Γ
(k− j)
1
+ Γ
(k− j)
2
)] (k = 3, 4, 5, . . . ). (7d)
In order to use the associated evolution equation Eq.(3), we consider the compatibility condition (
ψ1x
ψ1
)t = (
ψ1t
ψ1
)x.
Using Eqs.(6) and Eqs.(7), then equating the coefficients of the same power of λ again, we can get the infinitely-
many conservation laws for Eq.(1)
∂U j
∂t
=
∂F j
∂x
( j = 1, 2, 3, . . . ), (8)
3
where U j’s and F j’s refer to conserved densities and conserved fluxes respectively.
The first conservation law
U1 = Γ
(1)
1
+ Γ
(1)
2
= −
iµ
2
(|Q1|
2
+ |Q2|
2), (9a)
F1 = 2(Γ
(2)
1
+ Γ
(2)
2
) + i(
Q1x
Q1
Γ
(1)
1
+
Q2x
Q2
Γ
(1)
2
) − 2βx(Γ
(1)
1
+ Γ
(1)
2
)
=
µ
2
[Q∗1Q1x + Q
∗
2Q2x − Q1Q
∗
1x − Q2Q
∗
2x + 2iβx(|Q1|
2
+ |Q2|
2)], (9b)
the second conservation law
U2 = Γ
(2)
1
+ Γ
(2)
2
= −
µ
4
(Q1Q
∗
1x + Q2Q
∗
2x), (10a)
F2 = 2(Γ
(3)
1
+ Γ
(3)
2
) + i(
Q1x
Q1
Γ
(2)
1
+
Q2x
Q2
Γ
(2)
2
) − 2βx(Γ
(2)
1
+ Γ
(2)
2
)
=
iµ
4
[Q1Q
∗
1xx + Q2Q
∗
2xx + µ
2(|Q1|
2
+ |Q2|
2)2 −
i
2
βx(Q1Q
∗
1x + Q2Q
∗
2x) − Q1xQ
∗
1x − Q2xQ
∗
2x], (10b)
the k-th conservation law
Uk = Γ
(k)
1
+ Γ
(k)
2
(k ≥ 3), (11a)
Fk = 2(Γ
(k+1)
1
+ Γ
(k+1)
2
) + i(
Q1x
Q1
Γ
(k)
1
+
Q2x
Q2
Γ
(k)
2
) − 2βx(Γ
(k)
1
+ Γ
(k)
2
)
= i[2(
Q1x
Q1
Γ
(k)
1
+
Q2x
Q2
Γ
(k)
2
) − (Γ
(k)
1x
+ Γ
(k)
2x
) − µ
k−1∑
j=1
(Γ
( j)
1
Γ
(k− j)
1
+ 2Γ
( j)
1
Γ
(k− j)
2
+ Γ
( j)
2
Γ
(k− j)
2
) + 2iβx(Γ
(k)
1
+ Γ
(k)
2
)], (11b)
where Γ
(k)
1
and Γ
(k)
2
can be directly derived from Eqs. (6d) and (7d).
3. Darboux transformation and nonautonomous soliton solutions
In this section, we will construct Darboux transformation of Lax pair (2) and (3) with nonisospectral parameter
λ. Gu found a unified approach to construct Darboux transformations for isospectral AKNS (Ablowitz-Kaup-
Newell-Segur) hierarchy[31], and it had been employed in many integrable equations[9, 37–39]. However, there
are also other nonisospectral integrable systems[19, 27], a method to construct Darboux transformation for a class
of nonisospectral cases [40] was utilized by Cie´slı´nski, which is greatly different from Gu’s method. After this,
Zhou [32, 33] generalized Gu’s formula to the nonisospectral case. Here, we use Zhou’s method to construct
Darboux transformation about Eq.(1).
Let Ψ = (ψ[1](ξ j), φ[1](ξ j), χ[1](ξ j))
T be a special vector solution of Lax pair (2) and (3), with choosing the
seed solution of Eq.(1) q1 = q1[0], q2 = q2[0] at λ = λ j =
α
4β
+ ξ je
−2βt.
Then, we give the first-step Darboux transformation of Eq.(1)
Ψ[1] = T [1]Ψ, T [1] = ρ1(λ)(λI − H[1]Λ1H[1]
−1), (12)
q1[1] = q1[0] +
2i(λ∗
1
− λ1)ψ[1](ξ1)φ[1](ξ1)
∗
µ(|ψ[1](ξ1)|2 + |φ[1](ξ1)|2 + |χ[1](ξ1)|2)
e
iβx2
2 , (13)
q2[1] = q2[0] +
2i(λ∗
1
− λ1)ψ[1](ξ1)χ[1](ξ1)
∗
µ(|ψ[1](ξ1)|2 + |φ[1](ξ1)|2 + |χ[1](ξ1)|2)
e
iβx2
2 , (14)
where I is the 3 × 3 identity matrix,
ρ1(λ) = [det(λI − H[1]Λ1H[1]
−1)]−
1
3
= [(λ − λ1)(λ − λ
∗
1)
2]−
1
3 , (15)
H[1] =

ψ[1](ξ1) φ[1](ξ1)
∗ 0
φ[1](ξ1) −ψ[1](ξ1)
∗ χ[1](ξ1)
∗
χ[1](ξ1) 0 −φ[1](ξ1)
∗
 , Λ1 =

λ1 0 0
0 λ∗
1
0
0 0 λ∗
1
 . (16)
4
The above DT should hold the two relations T [1]x + T [1]U = U[1]T [1] and T [1]t + T [1]V = V[1]T [1], where
U[1] and V[1] enjoys the same forms as U and V except that (q1[0], q2[0]) is replaced with (q1[1], q2[1]). The
accuracy of these two relations had been verified by us though Maple software.
Similarly, the first-step Darboux transformation for one-component G-P equation can be expressed as
Ψ˜ = TΨ0, T = ρ(λ)(λI − HΛ1H
−1), (17)
q1 = q0 +
2i(λ∗
1
− λ1)ψ(ξ1)φ(ξ1)
∗
µ(|ψ(ξ1)|2 + |φ(ξ1)|2
e
iβx2
2 , (18)
where I is the 2 × 2 identity matrix and Ψ0 = (ψ(ξ1), φ(ξ1))
T ,
ρ(λ) = [(λ − λ1)(λ − λ
∗
1)]
− 1
2 ,
H =
[
ψ(ξ1) φ(ξ1)
∗
φ(ξ1) −ψ(ξ1)
∗
]
, Λ1 =
[
λ1 0
0 λ∗
1
]
. (19)
In [19] and [24], ρ(λ) was not included in the Darboux transformation of one-component G-P equation, which
brought about their DT didn’t admit the t-part of Lax pair, without iterating DT, the expression of the first-step
solution q1 is right. In [19], based on their incorrect DT, the two solitons are also not correct, besides, in [19] and
[24], the second-order rogue waves are all not reasonable via the generalized DT [39]. It is necessary for us to
reconstruct the DT for Eq.(1) and its multi-component generalization.
The second-step Darboux transformation
Ψ[2] = T [2]T [1]Ψ, T [2] = ρ2(λ)(λI − H[2]Λ2H[2]
−1), (20)
q1[2] = q1[1] +
2i(λ∗
2
− λ2)ψ[2](ξ2)φ[2](ξ2)
∗
µ(|ψ[2](ξ2)|2 + |φ[2](ξ2)|2 + |χ[2](ξ2)|2)
e
iβx2
2 , (21)
q2[2] = q2[1] +
2i(λ∗
2
− λ2)ψ[2](ξ2)χ[2](ξ2)
∗
µ(|ψ[2](ξ2)|2 + |φ[2](ξ2)|2 + |χ[2](ξ2)|2)
e
iβx2
2 , (22)
with
T [1]|λ=λ2(ψ[1](ξ2), φ[1](ξ2), χ[1](ξ2))
T
= (ψ[2](ξ2), φ[2](ξ2), χ[2](ξ2))
T , (23)
ρ2(λ) = [(λ − λ2)(λ − λ
∗
2)
2]−
1
3 , (24)
H[1] =

ψ[1](ξ2) φ[1](ξ2)
∗ 0
φ[1](ξ2) −ψ[1](ξ2)
∗ χ[1](ξ2)
∗
χ[1](ξ2) 0 −φ[1](ξ2)
∗
 , Λ2 =

λ2 0 0
0 λ∗
2
0
0 0 λ∗
2
 . (25)
The N-step Darboux transformation
Ψ[N] = T [N]T [N − 1] · · ·T [2]T [1]Ψ, T [N] = ρN(λ)(λI − H[N]ΛN H[N]
−1), (26)
q1[N] = q1[N − 1] +
2i(λ∗
N
− λN)ψ[N − 1](ξN−1)φ[N − 1](ξN−1)
∗
µ(|ψ[N − 1](ξN−1)|2 + |φ[N − 1](ξN−1)|2 + |χ[N − 1](ξN−1)|2)
e
iβx2
2 , (27)
q2[N] = q2[N − 1] +
2i(λ∗
N
− λN)ψ[N − 1](ξN−1)χ[N − 1](ξN−1)
∗
µ(|ψ[N − 1](ξN−1)|2 + |φ[N − 1](ξN−1)|2 + |χ[N − 1](ξN−1)|2)
e
iβx2
2 , (28)
with
T [N − 2]|λ=λN−1T [N − 3]|λ=λN−2 · · ·T [2]|λ=λ3T [1]|λ=λ2(ψ[1](ξN−1), φ[1](ξN−1), χ[1](ξN−1))
T
= (ψ[N − 1](ξN−1), φ[N − 1](ξN−1), χ[N − 1](ξN−1))
T , (29)
ρ j(λ) = [(λ − λ j)(λ − λ
∗
j)
2]−
1
3 , (30)
H[ j] =

ψ[1](ξ j) φ[1](ξ j)
∗ 0
φ[1](ξ j) −ψ[1](ξ j)
∗ χ[1](ξ j)
∗
χ[1](ξ j) 0 −φ[1](ξ j)
∗
 , Λ j =

λ j 0 0
0 λ∗
j
0
0 0 λ∗
j
 (3 ≤ j ≤ N), (31)
where λi , λ j (i , j). Due to the ρ j = [(λ − λ j)(λ − λ
∗
j
)2]−
1
3 ( j = 1, 2, 3, . . . , N) exist in the j-step DT of Eq.(1),
5
here, we can not give the determinant representations of DT and solutions.
In the following contents, we will give nonautonomous solitons of Eq.(1) though the above DT. For conve-
nience, we chose the trivial seed solution q1[0] = 0 and q2[0] = 0, with ξ = ξ j ( j = 1, 2, 3, . . . , N). Thus, the
special vector solutions of Lax pair Eqs.(2) and (3) can be given
ψ[1](ξ j) = e
θ j , φ[1](ξ j) = e
−θ j , χ[1](ξ j) = −2e
−θ j , (32)
where
θ j = −i(
α
4β
+ ξ je
−2βt)x +
i
8β2
(−α2t + 4ξ2jβe
−4βt
+ 4αξ je
−2βt).
In order to get one nonautonomous soliton for Eq.(1), we substitute Eq.(32) into Eqs.(13) and (14), and the expres-
sions of one soliton can be given
q1[1] =
2i(λ∗
1
− λ1)ψ[1](ξ1)φ[1](ξ1)
∗
µ(|ψ[1](ξ1)|2 + |φ[1](ξ1)|2 + |χ[1](ξ1)|2)
e
iβx2
2 =
2i(ξ∗
1
− ξ1)e
θ1−θ
∗
1
µ(eθ1+θ
∗
1 + 5e−θ1−θ
∗
1)
e
iβx2
2
−2βt
, (33)
q2[1] =
2i(λ∗
1
− λ1)ψ[1](ξ1)χ[1](ξ1)
∗
µ(|ψ[1](ξ1)|2 + |φ[1](ξ1)|2 + |χ[1](ξ1)|2)
e
iβx2
2 = −
4i(ξ∗
1
− ξ1)e
θ1−θ
∗
1
µ(eθ1+θ
∗
1 + 5e−θ1−θ
∗
1)
e
iβx2
2
−2βt
. (34)
Then the modules of q1[1] and q2[1] can also be expressed as
|q1[1]| =
4e−2βt|Im(ξ1)|
|µ|
e
−
e−2βtIm(ξ1)(2e
−2βtRe(ξ1)β − 2xβ
2
+ α)
β2 + 5e
e−2βtIm(ξ1)(2e
−2βtRe(ξ1)β − 2xβ
2
+ α)
β2

, (35)
|q2[1]| =
8e−2βt|Im(ξ1)|
|µ|
e
−
e−2βtIm(ξ1)(2e
−2βtRe(ξ1)β − 2xβ
2
+ α)
β2 + 5e
e−2βtIm(ξ1)(2e
−2βtRe(ξ1)β − 2xβ
2
+ α)
β2

, (36)
where ξ1 = Re(ξ1) + iIm(ξ1), then we set the following equality
2e−2βtRe(ξ1)β − 2xβ
2
+ α = 0. (37)
From the above Eq.(37), the propagation velocity of one soliton of Eq.(1) can be derived
v =
dx
dx
= −2Re(ξ1)e
−2βt,
it can be found that v is only depend on t and Re(ξ1). When β > 0, the absolute value of v decays exponentially as t
increases, while increases exponentially as t increases if β < 0 . And Re(ξ1) determines both propagation direction
of one soliton and the value of v. When Re(ξ1)=0, the propagation velocity of one soliton is zero, which indicates
this soliton is stationary, as can be seen from Fig.1. When Re(ξ1) > 0, the one nonautonomous soliton propagates
along the negative direction of x-axis; if Re(ξ1) < 0, it propagates along the positive direction of x-axis. These
interesting results can be found in Fig.2 and Fig.3 respectively. With the value of |µ| increasing, the amplitude of
one soliton decreases. From Fig.3 and Fig.4, we can observe that the parameter α affects the localization of one
soliton.
Through Eqs.(12), (21) and (22), the two nonautonomous solitons of Eq.(1) can be expressed
q1[2] =
2i
µ
 (ξ∗1 − ξ1)eθ1−θ∗1
eθ1+θ
∗
1 + 5e−θ1−θ
∗
1
+
(ξ∗
2
− ξ2)G1
F
 e
iβx2
2
−2βt
, (38)
q2[2] =
2i
µ
−2 (ξ∗1 − ξ1)eθ1−θ∗1
eθ1+θ
∗
1 + 5e−θ1−θ
∗
1
+
(ξ∗
2
− ξ2)G2
F
 e
iβx2
2
−2βt
, (39)
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where
G1 = 5(−ξ
∗
1
2
+ ξ∗1ξ1 + ξ
∗
1ξ2 − ξ1ξ2)e
−2θ∗
1
+θ∗
2
+θ2 + 5(ξ∗1ξ
∗
2 − 2ξ
∗
1ξ1 − ξ
∗
1ξ2 + ξ
∗
2ξ1 + ξ1ξ2)e
−θ∗
2
+θ2
+25(ξ∗1
2
− ξ∗1ξ
∗
2 − ξ
∗
1ξ1 + ξ
∗
2ξ1)e
−θ∗
2
−2θ∗
1
−θ2 + (−ξ∗1ξ1 − ξ
∗
1ξ2 + ξ
2
1 + ξ1ξ2)e
2θ1+θ
∗
2
+θ2
+5(ξ∗1
2
− 2ξ∗1ξ1 + ξ
2
1)e
2θ1−2θ
∗
1
+θ∗
2
−θ2 + 25(−ξ∗1
2
+ ξ∗1ξ
∗
2 + ξ
∗
1ξ2 − ξ
∗
2ξ2)e
−2θ1−θ
∗
2
−2θ∗
1
+θ2
+(ξ∗2ξ1 + ξ
∗
2ξ2 − ξ
2
1 − ξ1ξ2)e
2θ1+2θ
∗
1
−θ∗
2
+θ2 + 5(−ξ∗1ξ
∗
2 + ξ
∗
1ξ1 + ξ
∗
2ξ1 − ξ
2
1)e
2θ1−θ
∗
2
−θ2 ,
G2 = 10(ξ
∗
1
2
− ξ∗1ξ1 − ξ
∗
1ξ2 + ξ1ξ2)e
−2θ∗
1
+θ∗
2
+θ2 + 2(ξ∗1ξ1 + ξ
∗
1ξ2 − ξ
2
1 − ξ1ξ2)e
2θ1+θ
∗
2
+θ2
+10(−ξ∗1
2
+ 2ξ∗1ξ1 − ξ
2
1)e
2θ1−2θ
∗
1
+θ∗
2
−θ2 + 50(−ξ∗1
2
+ ξ∗1ξ
∗
2 + ξ
∗
1ξ1 − ξ
∗
2ξ1)e
−θ∗
2
−2θ∗
1
−θ2
+50(ξ∗1
2
− ξ∗1ξ
∗
2 − ξ
∗
1ξ2 + ξ
∗
2ξ2)e
−2θ1−θ
∗
2
−2θ∗
1
+θ2 + 10(−ξ∗1ξ1 + ξ
∗
1ξ2 + ξ
2
1 − ξ1ξ2)e
2θ1−θ
∗
2
−θ2
+10(2ξ∗1ξ1 − ξ
∗
2ξ1 − ξ
∗
2ξ2 − ξ1ξ2 + ξ
2
2)e
−θ∗
2
+θ2 + 2(ξ21 − ξ
2
2)e
2θ1+2θ
∗
1
−θ∗
2
+θ2 ,
F = 25(−ξ∗1ξ
∗
2 + ξ
∗
1ξ2 + ξ
∗
2ξ1 − ξ1ξ2)e
−2θ∗
1
−θ2+θ
∗
2 − (ξ∗1ξ1 + ξ
∗
1ξ2 + ξ
∗
2ξ1 + ξ
∗
2ξ2)e
2θ1+2θ
∗
1
+θ2+θ
∗
2
+125(−ξ∗1ξ1 + ξ
∗
1ξ2 + ξ
∗
2ξ1 − ξ
∗
2ξ2)e
−2θ1−θ
∗
2
−2θ∗
1
−θ2 + (ξ∗1ξ
∗
2 − 5ξ
∗
1ξ1 + 4ξ
∗
1ξ2 − ξ
∗
2ξ2 + 5ξ1ξ2 − 4ξ
2
2)e
2θ1+2θ
∗
1
−θ∗
2
−θ2
+5(5ξ1ξ2 − 10ξ
∗
1ξ1 + 5ξ
∗
1ξ2 + ξ
∗
1ξ1 − 6ξ
∗
2ξ2 + 9ξ1ξ2 − 4ξ
2
2)e
−θ2−θ
∗
2 + 25(−ξ∗1ξ
∗
2 + ξ
∗
1ξ2 + ξ
∗
2ξ1 − ξ1ξ2)e
−2θ1+θ2−θ
∗
2
+(−ξ∗1ξ
∗
2 − 9ξ
∗
1ξ2 + ξ
∗
2ξ1 + 9ξ1ξ2)e
2θ∗
1
+θ2−θ
∗
2 + 5(ξ∗1ξ
∗
2 + ξ
∗
1ξ2 − ξ
∗
2ξ1 − ξ1ξ2)e
2θ1−θ2+θ
∗
2 + 25(ξ∗1ξ
∗
2 − ξ
∗
1ξ1 − ξ
∗
2ξ2 +
ξ1ξ2)e
−2θ1−2θ
∗
1
+θ2+θ
∗
2 + 5(−ξ∗1ξ
∗
2 − 2ξ
∗
1ξ1 + ξ
∗
1ξ2 + ξ
∗
2ξ1 + 2ξ
∗
2ξ2 − ξ1ξ2)e
θ2+θ
∗
2 .
From the above two equations (38) and (39), we can find that the parameter µ affects amplitude of the two
nonautonomous solitons. Similarly, the velocity of soliton can be written as v j = −2Re(ξ j)e
−2βt ( j = 1, 2). When
v1 , v2 (Re(ξ1) , Re(ξ2)), the two nonautonomous solitons will interact with each other, which include overtaking
and head-on interaction. This phenomen can be seen in Fig.5. Setting v1 = v2 (Re(ξ1) = Re(ξ2)), the bound
state[41] in two nonautonomous solitions occur in Fig.6. Meanwhile, by iterating N times of DT, we can get
N-nonautonomous solitons of Eq.(1).
4. Nonautonomous breather and rogue wave
In this section, we will present the breather and rogue wave solutions for Eq.(1) through the above DT. In
order to obtain these rational solutions, we should consider the following seed solutions with nonzero background
and the amplitudes of background waves decay exponentially as t increases, so this is greatly different from those
rational solutions in autonomous systems,
q1[0] = d1e
−2βt+i(
β
2
x2+θ), q2[0] = d2e
−2βt+i(
β
2
x2+θ), (40)
where
θ = (−
α
2β
+ ce−2βt)x −
1
4β2
e−4βt[2βµ2(d21 + d
2
2) − βc
2
+ 2αce2βt + α2e4βtt], (41)
here, d1, d2, c are all real constants, and d1 , d2. Then, choosing the spectral parameter λ = λ1 =
α
4β
+ ξ1e
−2βt
and substituting (40) into Lax pair (2) and (3), we can get the special vector solution of Lax pair
Ψ1 =

i
2
[
c2(βc + 2ξ1β − η)e
m2 + c3(βc + 2ξβ + η)e
m3
]
e
2i
3
θ
[
−c1d2e
m1 + µd1β(c2e
m2 + c3e
m3)
]
e
−
i
3
θ[
c1d1e
m1 + µd2β(c2e
m2 + c3e
m3)
]
e
−
i
3
θ
 , (42)
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where
η =
√
β2[4µ2(d2
1
+ d2
2
) + (c + 2cξ1)2],
m1 = [(
i
3
c + iξ1)e
−2βt
+
iα
12β
]x −
iα
6β2
(3ξ1 + c)e
−2βt
+
i
12β
[−2µ2(d21 + d
2
2) + c
2 − 6ξ21]e
−4βt
+
iα2
24β2
t,
m2 = [−
i
6
(c −
3η
β
)e−2βt +
iα
12β
]x +
iα
12β2
(βc − 3η)e−2βt +
i
24β2
[2βµ2(d21 + d
2
2) − βc
2
+ 3ηc − 6ηξ1]e
−4βt
+
iα2
24β2
t,
m3 = [−
i
6
(c +
3η
β
)e−2βt +
iα
12β
]x +
iα
12β2
(βc + 3η)e−2βt +
i
24β2
[2βµ2(d21 + d
2
2) − βc
2 − 3ηc + 6ηξ1]e
−4βt
+
iα2
24β2
t,
with c1, c2, c3 being all arbitrary real constants. In order to construct nonautonomous breather, we should require
η is a pure imaginary number. Choosing ξ1 = −
c
2
+ iµIm(ξ1) with Im(ξ1) being a real constant, the expression of
η can be simplified as η = 2
√
β2µ2(d2
1
+ d2
2
− Im(ξ1)2), and Im(ξ1) > d
2
1
+ d2
2
. Substituting Eqs.(40) and (42) into
Eqs.(13) and (14) respectively, the compact expressions of one breather can be constructed
q1[1] = (d1 +
4Im(ξ1)H1
H3
)e
−2βt+i(
β
2
x2+θ)
, (43)
q2[1] = (d2 +
4Im(ξ1)H2
H3
)e−2βt+i(
β
2
x2+θ), (44)
where
H1 = −(µβIm(ξ1) + η0)(µd1βc2c3e
m2+m3 + µβd1c
2
3e
m3+m
∗
3 − d2c1c3e
m∗
1
+m3) + (η0 − µβIm(ξ1))(µd1βc2c3e
m2+m
∗
3
+µd1βc
2
2e
2m2 − d2c1c2e
m∗
1
+m2),
H2 = −(µβIm(ξ1) + η0)(µd2βc2c3e
m∗
2
+m3 + µd2βc
2
3e
m3+m
∗
3 + d1c1c3e
m∗
1
+m3) + (η0 − µβIm(ξ1))(µd2βc2c3e
m3+m
∗
3
+µd2βc
2
2e
m2+m
∗
2 + d1c1c2e
m∗
1
+m2),
H3 = c
2
1(d
2
1 + d
2
2)e
m1+m
∗
1 + µc22β(2µβIm(ξ1)
2 − µd21β − 2Im(ξ1)η0)e
m2+m
∗
2 + 2µβc23Im(ξ1)(µβIm(ξ1) + η0)e
m3+m
∗
3
+2µ2β2c2c3(d
2
1 + d
2
2)e
m2+m
∗
3 + µ2β2c2c3(d
2
1 + 2d
2
2)e
m∗
2
+m3 + µ2d21β
2c22e
2m2 − µβd1d2c1c2e
m1+m2
+µ2d21β
2c2c3e
m2+m3 + µβd1d2c1c2e
m1+m
∗
2 ,
with η0 =
√
β2µ2(Im(ξ1)2 − d
2
1
− d2
2
). From Eqs.(43) and (44), we find that the breather of this coupled G-P
equation has some deformations along the direction of t due to the exponential decaying term, and the amplitude
of the breather becomes small till being zero as t increases. which can be seen in Fig.7. In other words, the
breather in this couple G-P system has curved background, which is greatly determined by the parameter β. This
type breather is very different from the autonomous system, such as nonlinear Schro¨dinger equation[41], and this
special breather also occurs in [20].
In order to obtain rogue wave of Eq.(1), we should choose the appropriate spectral ξ1 and take the limit η → 0.
For convenience, we set β > 0, µ > 0, c = 0, c1 = 0, ξ1 = ih (h is a real constant) in Eq.(42), here,η =
2iβ
√
h2 − µ2(d2
1
+ d2
2
) (h >
√
µ2(d2
1
+ d2
2
)). Then choosing the appropriate values of c2 and c3, the special vector
solution of Lax pair can be obtained
Ψ2 =

(
r2e
A − r1e
−A
)
e
2i
3
θ0+B
ρ1
(
r2e
−A − r1e
A
)
e
−
i
3
θ0+B
ρ2
(
r2e
−A − r1e
A
)
e
−
i
3
θ0+B
 , (45)
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where
r1 =
√
h −
√
h2 − µ2(d2
1
+ d2
2
)√
h2 − µ2(d2
1
+ d2
2
)
, r2 =
√
h +
√
h2 − µ2(d2
1
+ d2
2
)√
h2 − µ2(d2
1
+ d2
2
)
,
ρ1 =
d1√
d2
1
+ d2
2
, ρ2 =
d2√
d2
1
+ d2
2
, A =
√
h2 − µ2(d2
1
+ d2
2
)e−2βt(x −
α + ihβe−2βt
2β2
),
B =
i
24β2
[
2αx + α2t + 2µ2(d21 + d
2
2)e
−4βt
]
, θ0 = −
α
2β
x −
e−4βt
4β2
[2βµ2(d21 + d
2
2) + α
2e4βtt].
In Eq.(45), taking the limit h →
√
µ2(d2
1
+ d2
2
), we can get a new vector solution of Lax pair (2) and (3)
Ψ3 =

(
1√
µ
√
d2
1
+ d2
2
+ η1)e
θ1
1√
d2
1
+ d2
2
(d1η1 +
1√
µ
√
d2
1
+ d2
2
)eθ2
1√
d2
1
+ d2
2
(d2η1 +
1√
µ
√
d2
1
+ d2
2
)eθ2

, (46)
where
η1 = 2
√
µ
√
d2
1
+ d2
2
e−2βt(x −
α + i
√
d2
1
+ d2
2
µβe−2βt
2β2
),
θ1 = −
i
24β2
[2µ2(4β − 1)(d21 + d
2
2)e
−4βt
+ 3α2t + 8αβx − 2αx],
θ2 =
i
24β2
[2µ2(2β + 1)(d21 + d
2
2)e
−4βt
+ 3α2t + 4αβx + 2αx].
Finally, substituting the eigenfunction (46) into Eqs.(13) and (14), the first-order nonautonomous rogue wave
solution can be derived in the following form. And we give some figures of this first-order rogue.
q1[1] =
L1
L
eiθ3 , (47)
q2[1] =
L2
L
eiθ3 , (48)
with
θ3 =
β2
2
x2 −
α
2β
x −
e−4βt
4β2
[2βµ2(d21 + d
2
2) + α
2e4βtt],
L = (4β4µ2x2d21 + 4β
4µ2x2d22 − 4αβ
2µ2xd21 − 4αβ
2µ2xd22 + α
2µ2d21 + α
2µ2d22)e
4βt
+ µ4d41β
2
+ 2µ4d21d
2
2β
2
+µ4d42β
2
+ e8βtβ4,
L1 = (4β
4µ2x2d31 + 4β
4µ2x2d1d
2
2 − 4αβ
2µ2xd31 − 4αβ
2µ2xd1d
2
2 + α
2µ2d31 + α
2µ2d1d
2
2)e
4βt
+ (−8d31β
4µ3x2
−8d1β
4µ3x2d22 − 4id
3
1β
3µ3 − 4id1β
3µ3d22 + 8d
3
1αβ
2µ3x + 8d1αβ
2µ3xd22 − 2d
3
1α
2µ3 − 2d1α
2µ3d22)e
2βt
−(2β2µ5d51 + 4β
2µ5d31d
2
2 + 2β
2µ5d1d
4
2)e
−2βt
+ 2d1µβ
4e6βt + d1β
4e8βt + d1µ
4d42β
2
+ d51µ
4β2 + 2d31µ
4d22β
2,
L2 = (4β
4µ2x2d21d2 + 4β
4µ2x2d32 − 4αβ
2µ2xd21d2 − 4αβ
2µ2xd32 + α
2µ2d21d2 + α
2µ2d32)e
4βt
+ (−8d2β
4µ3x2d21
−8d32β
4µ3x2 − 4id2β
3µ3d21 − 4id
3
2β
3µ3 + 8d2αβ
2µ3xd21 + 8d
3
2αβ
2µ3x − 2d2α
2µ3d21 − 2d
3
2α
2µ3)e2βt
−(2β2µ5d41d2 + 4β
2µ5d21d
3
2 + 2β
2µ5d52)e
−2βt
+ 2d2µβ
4e6βt + d2β
4e8βt + d52µ
4β2 + d2µ
4d41β
2
+ 2d32µ
4d21β
2.
From the above expressions (47) and (48), we can find that the first-order rogue wave of the coupled G-P
equation has also a curved background, which are observed in other variable-coefficient models. Additionally,
the parameter β determines the degree of this curved background, that is, the background will become steeper as β
9
increases; the backgroundwill become flatter as β decreases. This phenomenon can be observed in Fig.8 and Fig.9.
For the same reason that ρ j = [(λ − λ j)(λ − λ
∗
j
)2]−
1
3 occur in the above DT of the system (1), we can not give the
determinant representations of DT and of its solutions (q1[N], q2[N]). Thus, we can not also utilize He’s method
[43–45] to construct higher-order rogue waves of Eq.(1), meanwhile, the generalized Darboux transformation [39]
is not directly used to construct higher-order rogue waves. We haven’t found appropriate method to give its higher-
order rogue waves.
5. Multi-component coupled G-P equation and its Darboux transformation
In plasma, if the waves propagate in more than two fields, we need to generalise the coupled G-P equation (1)
to multi-component [25] to determine this case, which reads as
iq jt + q jxx + 2µ
2(
N∑
i=1
|qi|
2)q j + (iβ − αx + β
2x2)q j = 0 ( j = 1, 2, 3, · · · , N), (49)
where α, µ, β are all real constants, Eq.(49) admits the following Lax pair with (N + 1) × (N + 1) matrices
Ψx = UΨ = (iλU0 + µU1)Ψ, (50)
Ψt = VΨ = (2iλ
2U0 + 2λ(−iβxU0 + µU1) + iV1)Ψ, (51)
where
U0 =

−1
1
1
. . .
1
1

, U1 =

0 Q1 Q2 · · · QN−1 QN
−Q1 0
−Q2 0
...
. . .
−Q∗
N−1
0
−Q∗
N
0

,
V1 =

µ2
∑N
i=1 |Qi|
2−αx
2
µQ1x+2iµβxQ1 µQ2x+2iµβxQ2 · · · µQ(N−1)x+2iµβxQ(N−1) µQNx+2iµβxQN
µQ∗
1x
−2iµβxQ∗
1
−µ2|Q1|
2
+
αx
2
−µ2Q2Q
∗
1
· · · −µ2Q(N−1)Q
∗
1
−µ2QN Q
∗
1
µQ∗
2x
−2iµβxQ∗
2
−Q1Q
∗
2
−µ2|Q2|
2
+
αx
2
· · · −µ2Q(N−1)Q
∗
2
−µ2QN Q
∗
2
...
...
...
...
...
...
µQ∗
(N−1)x
−2iµβxQ∗
(N−1)
−µ2Q1Q
∗
(N−1)
−µ2Q2Q
∗
(N−1)
· · · −µ2|Q(N−1)|
2
+
αx
2
−µ2QN Q
∗
(N−1)
µQ∗
Nx
−2iµβxQ∗
N
−µ2Q1Q
∗
N
−µ2Q2Q
∗
N
· · · −µ2Q(N−1)Q
∗
N
−µ2|QN |
2
+
αx
2

,
with Ψ = (ψ1, ψ2, ψ3, · · · , ψ(N+1))
T , Q j = q je
−
iβx2
2 ( j = 1, 2, 3, · · · , N).
Similarly, let Ψ(ξ1) = (ψ1(ξ1), ψ2(ξ1), ψ3(ξ1), · · · , ψ(N+1)(ξ1))
T be a special vector solution of Lax pair (50) and
(51), with choosing the seed solution of Eq.(49) q j = q j[0] ( j = 1, 2, 3, · · · , N) at λ = λ1 =
α
4β
+ ξ1e
−2βt. Utilizing
the method of constructing Darboux transformation of the two-component coupled G-P equation, we can obtain
the first-order DT of Eq.(49)
Ψ˜ = TΨ, T = ρ1(λ)(λI − H[1]Λ1H[1]
−1), (52)
q˜ j[1] = q j[0] +
2i(λ∗
1
− λ1)ψ1(ξ1)ψ j+1(ξ1)
∗∑N+1
j=1 |ψ j(ξ1)|
2
e
iβx2
2 , (53)
10
where
ρ1(λ) = [det(λI − H[1]Λ1H[1]
−1)]−
1
N+1
= [(λ − λ1)(λ − λ
∗
1)
N]−
1
N+1 ,
Λ1 =

λ1
λ∗
1
λ∗
1
. . .
λ∗
1
λ∗
1

,
H[1] =

ψ1(ξ1) ψ
∗
2
(ξ1) ψ
∗
3
(ξ1) · · · ψ
∗
N
(ξ1) ψ
∗
(N+1)
(ξ1)
ψ2(ξ1) −ψ
∗
1
(ξ1) 0 · · · 0 0
ψ3(ξ1) 0 −ψ
∗
1
(ξ1) · · · 0 0
...
...
...
...
...
...
ψN(ξ1) 0 0 · · · −ψ
∗
1
(ξ1) 0
ψ(N+1)(ξ1) 0 0 · · · 0 −ψ
∗
1
(ξ1)

.
here, I is the (N + 1) × (N + 1) identity matrix, besides, both Λ1 and H[1] all denote (N + 1) × (N + 1) matrices.
Through the similar procedures in Eq.(29), the N-order Darboux transformation of multi-component coupled G-P
equation can also be given, and we omit it here. When N = 1 in Eqs.(52) and (53), we can get the first-order
Darboux transformation for one-component G-P equation here.
6. Conclusion
In [19] and [24], the Darboux transformation of one-component G-P equation was constructed, we verify this
DT byMaple software and find that it is incorrect, because it does not hold t-part of Lax pair. Actually, the Lax pair
of the G-P equation in Eq.(49) is nonisospectral with λt , 0. In [19] and [24], the authors constructed the Darboux
transformation based on standard AKNS hierarchy with isospectral Lax pair, however, the DT of nonisospectral
cases are essentially different from the isospectral ones.
In this paper, based on Zhou’s method[32, 33], we reconstruct the Darboux transformation of multi-component
coupled G-P equation, especially, the two-component couple G-P equation is discussed in detail. In the Lax pair
(2) and (3), the spectral parameter λ holds λ = α
4β
+ ξe−2βt, here, ξ is an arbitrary constant and we take it as the new
spectral parameter[19], so we give the infinitely-many conservation laws of Eq.(1) to make sure its integrability.
Utilizing the Darboux transformation which is constructed by us, the nonautonomous solitons, breather and first-
order rogue wave have been presented. In nonautonomous solitons, the parameter µ affects the amplitude of soliton
and β changes the absolute value of propagation velocity vi’s (i = 1, 2, 3, · · · , N). Both propagation direction of
each soliton and the value of vi’s are all determined by the real part of the new spectral parameters ξi’s (i =
1, 2, 3, · · · , N). These results are all discussed in one nonautonomous soliton. For two nonautonomous solitons,
choosing Re(ξ1) , Re(ξ2) in Eqs.(38) and (39), the two interactional solitons are obtained in Fig.5, and if we
take Re(ξ1) = Re(ξ2), the two-soliton bound state is also exhibited in Fig.6. In order to get breather and rogue
wave, the seed solutions of Eq.(1) should be selected as nonzero background and this seed solutions are curved
background. Based on this curved background, we get nonautonomous breather and first-order rogue wave. For
this reason, the amplitude of the breather becomes small till being zero as t increases. In first-order rogue wave,
the parameter β determines the degree of this curved background, which can be seen from Fig.8 and Fig.9. Our
results further reveal the striking dynamic structures of analytical solutions in a nonautonomous coupled system,
and we hope these results in this paper will be verified in physical experiments in the future. Due to ρ j = [(λ −
λ j)(λ−λ
∗
j
)2]−
1
3 ( j = 1, 2, 3, . . . , N) exist in the j-step DT of Eq.(1), we can not give the determinant representations
of DT and solutions. For the same reason, we can not directly construct higher-order rogue wave of Eq.(1) and
we haven’t found appropriate method to give its higher-order rogue wave. Besides, we will attempt to construct
higher-order rogue wave of this coupled G-P equation in our future work.
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